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Abstract. Let X be a T-variety, where T is an algebraic torus. We describe a fully faithful 
functor from the category of T-equivariant vector bundles on X to a certain category of 
filtered vector bundles on a suitable quotient of X by T. We show that if X is factorial, 
this functor gives an equivalence of categories. This generalizes Klyachko's description of 
equivariant vector bundles on toric varieties. We apply our machinery to show that vector 
bundles of low rank on P" which are equivariant with respect to special subtori of the 
maximal torus must split, generalizing a theorem of Kaneyama. Further applications include 
descriptions of global vector fields on T-varieties, and a study of equivariant deformations 
of equivariant vector bundles. 



1. Introduction 

In [Kly89|, Klyachko described torus-equivariant vector bundles on toric varieties in terms 
of collections of filtered vector spaces satisfying certain compatibility conditions. The pri- 
mary goal of this article is to generalize this description to the situation of T-equivariant 
vector bundles on a normal variety X endowed with a faithful action by an algebraic torus T. 
In this situation, the objects corresponding to an equivariant vector bundle will be collections 
of filtrations of vector bundles on a suitable quotient of X by T. 

We now establish the necessary notation to present our first main result. Unless otherwise 
specified, we will be working over an arbitrary algebraically closed field K. 

Definition 1.1. Let Z be an Artin stack and a set. 



X 



(1) A (Z, S^)-filtration consists of a vector bundle £ on Z together with, for every p G S 
a full decreasing filtration 

...£p{i-l) ^SP{i) ^SP{i + l)... 

of S by sub-bundles, that is, for all i G Z, £^{i) and £P{i)/£P{i + 1) are locally free. 
Being full means that £ = £{i) for z ^ and £{i) =0 for i ^ 0. 

(2) A morphism between (Z, S^)-filtrations {£, {£^\i)}) and (J-", {J-'^(z)}) is a map of 
vector bundles (p : £ ^ such that for every p G and every i G Z, 

<P{£'{^)) C J^^it). 

Now, let T be an algebraic torus. Consider a T-variety X, that is, a normal variety X 
with a faithful T-action. Let W G X he the T-invariant open subset consisting of those 
points with finite stabilizers. The quotient stack Z = [W/T] is a tame Artin stack with 
finite stabilizers |AOV08j . and if char K = 0, it is Deligne-Mumford |Vis891 7.17]. Let 
TT : W ^ Z he the quotient map. There are finitely many T-invariant prime divisors Di of 
X not meeting W\ let them be indexed by a set S^. In this situation, we may identify a 
class of (Z, S^)-filtrations which we call A-compatible, see Definition 14. 1[ 
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Theorem 1.2. There is a fully faithful functor F which embeds the category ofT-equivariant 
vector bundles on X into the category of X- compatible {Z,'E^)-filtrations. If X is factorial, 
this functor is an equivalence of categories. 

We construct the functor F in Section |3l where we also show that is is fully faithful. In 
Section m we show that it is essentially surjective in good situations, for example when X is 
factorial. We actually prove a slightly generalized version of the above theorem to deal with 
equivariant bundles on the product of a T-variety with an arbitrary scheme, see Theorems 
O and 1121 

Many natural operations involving vector bundles correspond to easily describable oper- 
ations on (Z, S^)-filtrations: taking global sections (Section 15. ip . forming equivariant line 
bundles from invariant divisors (Section l5.2p . and forming direct sums, tensor and symmetric 
and wedge products, and duals (Section 15. 3p . In the case that X is smooth, the tangent 
bundle 7x comes with a T-equivariant structure; the corresponding [Z, S^)-filtration has a 
natural description involving extensions of the tangent bundle of Z, see Theorem 16.21 This 
description can be made quite explicit for the case that X is rational and T acts with com- 
plexity one, that is, dimT = dimX — 1. As a first application of our machinery, we compute 
global vector fields on smooth complexity-one Fano threefolds, see Example 16.51 

A second application of our machinery concerns the splitting behaviour of equivariant 
vector bundles on projective space. Kaneyama has shown that any toric vector bundle of 
rank r < n on P" splits as a sum of line bundles |Kan88] . We generalize this result in Section 
[7] as follows: let m,n G N with 1 < m < n and consider the (i^*) "^-action on P" such that 
the ith coordinate of (K*)^ acts on the ith homogeneous coordinate of P" by multiplication. 

Theorem 1.3. Any (K*)™'- equivariant vector bundle on P" whose rank is smaller than the 
mininum of n and m + 3 splits as a direct sum of line bundles. 

Hartshorne has conjectured that for n > 7, any rank two vector bundle on P" splits |Har74t 
Conjecture 6.3]. Our theorem shows that this conjecture is equivalent to showing that any 
rank two vector bundle on P", n > 7, admits a ii'*-equivariant structure as above. 

Many examples of T-equivariant bundles come from considering a toric vector bundle V, 
but restricting the action of the big torus to that of a subtorus T. In this situation, the 
quotient Z inherits an action by a quotient torus, and the corresponding (Z, S^)-filtration 
is equivariant with respect to this action. It turns out that this data may be described 
combinatorially, and in Section |8] we show how to translate the combinatorial data describing 
V as a toric vector bundle to the combinatorial data describing Z and the corresponding 
(Z,E^)-filtration. 

As a final application of our machinery, we discuss families of T-equivariant vector bundles 
in Section O Given a family of equivariant bundles corresponding to some family of filtrations 
on the quotient, the bundles appearing as fibers in the family correspond to fibers of the 
filtrations, see Proposition l9.1[ We use this to construct non-toric deformations of the tangent 
bundle on toric del Pezzo surfaces. Along the way, we give a combinatorial description of 
the obstruction space to deformations of the tangent bundle on smooth toric varieties, see 
Theorem 19.31 

It is worth noting that the category of equivariant vector bundles on a T-variety X is 
tautologically equivalent to the category of vector bundles on the quotient stack [X/T]. 
However, our stack [VT/T] is in general much more nicely behaved then [X/T]; in particular, 
it has a coarse moduli space, and one can do geometry on it. 
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2. Preliminaries 

T will always denote an algebraic torus with character lattice M. The dual lattice of one- 
parameter subgroups will be denoted by N . By a T- variety, we will always mean a separated, 
integral, normal scheme of finite type over K with a faithful T-action. The complexity of a 
T- variety X is defined as dim A — dimT. By a vector bundle we simply mean a locally free 
sheaf. 

Let G be an algebraic group which acts regularly on some space X. Recall that a G- 
equivariant sheaf on on A is a pair (J-", 9) consisting of a sheaf J-" on A and an isomorphism 
6 : 7r*J^ — 7- p*J^ satisfying a natural cocycle condition, see |BL94[ Section 0.2]. Here, tt is the 
projection G x A — )■ A and p is the map G x A — )■ A sending {g, y) to g~^y. A morphism 
of equivariant sheaves is a morphism of the underlying sheaves which commutes with the 
respective isomorphisms. The situation of interest to us, namely when J-" is a vector bundle, 
may be described geometrically as well. Indeed, let V be the geometric vector bundle over 
A whose sheaf of sections is the locally free sheaf V. Giving an equivariant structure on V 
is equivalent to giving a regular action of G on V which commutes with the projection to A 
and the action on A, and which is linear on the fibers of V. 

We now state some basic results we will need throughout the article. 



Proposition 2.1 (cf. |Pay08 Proposition 2.2]). Let X be a T -variety, S a scheme, and V 



a T -equivariant vector bundle on X x S . There exists an invariant affine open cover {Ua} 
of X X S such that the restriction of V to any Ua is a direct sum of trivial equivariant line 
bundles. 

Proof. Let x be the generic point of some T-orbit o in A x 5*. Let si, . . . , be semi- invariant 
sections of Vx such that . . . , Sk{x) form a basis of the vector space Vx ® K{x), where 

K{x) is the residue field of the point x. The set of points x' such that si(x'), . . . , Sk{x') is not 
a basis of Vx' ®K{x') is closed and T-invariant. Hence, x is contained in an open T-invariant 
set U on which V decomposes as the direct sum of the line bundles generated by the Sj. 

By Sumihiro's theorem |Sum74j . A and hence A x S" have T-invariant affine covers. Inter- 
secting this cover with the above open invariant set U gives us a quasi-affine invariant set U' 
containing x on which V decomposes. But any quasi-affine T-invariant set may be covered 
by invariant affines. To complete the proof, note that an arbitrary point x' G o is contained 
in every invariant open subset which contains x. □ 

Consider a T-equivariant sheaf T on an Artin stack with trivial T-action. The subsheaf of 
semi-invariant sections of weight u & M will be denoted by Tu- In particular, the subsheaf 
of T-invariant sections will be denoted by J-q. 

Lemma 2.2. Let T be a torus acting on a scheme W . Let Z be the quotient stack Z = [W/T] 
with quotient map it : W ^ Z , and let C be a T-equivariant line bundle on W . 

(1) 7r*(7r*(£)o) is canonically isomorphic to C. 

(2) For every u G M , 7r*(£)„ is invertible. 

(3) For every u,u' G M, there is a canonical isomorphism t:^^{C)u®t^*{Ow)u' — tt* 
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Proof. By the construction of [VT/T], see e.g. |Vis89| 7.17], it suffices to show that each of 
the above claims holds when W ^ Z is a T-principal bundle. But in this case, all claims 
are well known. □ 

Let X be a T-variety, W G X the open subset on which T has finite stabilizers. 

Lemma 2.3. Let D be a prime T -invariant divisor in X not meeting W . Then the stabilizer 
of T at the generic point of D is one- dimensional. If po is the associated primitive co- 
character in N , then any rational function f of weight u vanishes to order —u{pd) on D. 

Proof. Both claims follow from the proof of |HS10t Proposition 3.2]. □ 

Remark 2.4. Given any prime T-invariant divisor D in X not meeting W, we can thus 
associate the primitive lattice vector pr> E N corresponding to the isotropy group of a 
general point of D. It follows from the second claim of the above lemma (and the fact that 
X is separated) that if D and D' are two distinct divisors of this type, p^ ^ pdl Thus, 
we can index prime T-invariant divisors in X not meeting by a subset of primitive 
elements of X . We will henceforth make this identification. Given p G S^, we will denote 
the corresponding divisor by Dp. 

3. The functor F 

As in the introduction, let X be a T-variety, and let C X be the open subset consisting 
of those points with finite stabilizers. We call W the DM-locus of X. Consider the quotient 
stack Z = [W/T] and let tt : W ^ Z he the quotient map. T-invariant prime divisors of X 
not meeting W may be indexed by a collection of primitive vectors in N, see Remark 
12.41 The aim of the section is to construct the functor F of Theorem II. 2[ We will actually 
do this in a generalized setting to obtain a relative version for equivariant vector bundles on 
products X X S, where S is an arbitrary scheme. The case of primary interest for us will 
remain that where S = Spec K. 

Theorem 3.1. There is a fully faithful functor F which embeds the category of T- equivariant 
vector bundles on X x S into the category of (Z x S, J]^)-filtrations. 

Let V be an equivariant vector bundle on X x 5*. As an abuse of notation, we will denote 
the quotient map WxS^ZxS hyn. Set £ = 7!'*(y\wxs)o- Now, for any p e S^, let 
V denote the subsheaf of VjvKxS' consisting of those sections s which extend to some open 
subset U C X X S intersecting Dp x S. 

Lemma 3.2. For any u G M , the sheaf Tx^{y^)u is locally free. 

Proof. The claims are local on Z x 5, so by Proposition 12.11 we may assume that we are 
working on an affine subscheme Y oi X x S containing a general point of Dp on which V 
decomposes as a direct sum of equivariant rank one free sheaves. We may thus reduce to the 
case that V is isomorphic to Ox-, generated by a semi- invariant section s of weight v G M. 
All sheaves we henceforth consider will be sheaves on y n {W x S) or its image under vr. 

We now show that in this situation, either 7r*(V)u is either or 7r*(V)u. Let s' G V be a 
semi-invariant section of weight u. It may be written as s' = s ■ / for some semi-invariant 
function / G Oy/ of weight u — v. Then the order of vanishing of s' at the generic point of 
Dp X S" is given the integer {y — u){p). Indeed, the valuation defined by the divisor Dp x S 
is just as in Lemma 12.31 Hence, the degree u part of V either vanishes, or equals that of 
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V. In the first case, 7r*(V'')u is 0; in the second, 7r,,(V'')n = tt^,{V)u- The lemma now follows 
directly from Lemma [2.21 □ 

Now for any u G M, there is a natural inclusion 

SP(u) := 7r,(V^)„ ® n,{Owxs)_^ S 

gotten by multiplication of sections. For any 2 G Z, consider some u & M such that u{p) = i. 
Let S^{i) be the image of S''{u) in S. 

Lemma 3.3. S'^ii) doesn't depend on the choice of u. For any i, £P{i + 1) is a sub-bundle 
of£P{{). 

Proof. From the proof of I3.2[ we have seen that the vanishing of S^{u) only depends on u{p), 
not on u. The first claim follows from the canonical isomorphism 

for any u, u' G M, see Lemma 12. 2[ The second claim follows from this isomorphism, the 
reduction used in the proof of Lemma [3?2l and the fact that if S''{u) does not vanish, neither 
will £P{u') for any u' with {u — u'){p) > 0. □ 

The functor F associates to V the (Z, S^)-filtration {£'^{i)}). Morphisms of equivariant 
vector bundles map to morphisms of (Z, S^)-filtrations in an obvious manner. 

Remark 3.4. One may equivalently define £'^{i) as 7r*(V''(i))o, where Vii) is the subsheaf 
of V|h/x5 of sections which vanish to order at least i along Dp. 

Remark 3.5. If V has rank one, then the filtration £''{i) is determined by the unique integer 
j such that = £ and ' + 1) = 0. If s is a local generator of V in a neighbourhood 

of Dp X S of weight v, then this jumping position is given by j = —v{p). Indeed, we are 
looking for the products / ■ s of weight 0, i.e. deg(/) = —v. However, the vanishing order of 
/ ■ s is given by —v{f) due to Lemma 

Proof of Theorem \3.1\ By Lemmas 13.21 and 13. 3[ the functor F is well-defined. We now show 
that it is fully faithful. The fundamental observation we will use is that if V is an equivariant 
vector bundle and {£, {£^{1)}) the corresponding (Z x S, Il^)-filtration, then V|vi/xs = 7r*(£^) 
by Lemma 12.21 

Now, let V, V be equivariant vector bundles and consider equivariant maps 0i,02 : V — 
v. If the corresponding maps £ £' are equal, then so are the induced maps from 
V|vKxs = to V'lvi/xs = T^*{£') obtained by pullback. But these are the same maps 

as those induced by (pi and 02- Hence, (pi and 02 are equal on V|vkxs- But then they must 
agree on all of X x 5*, since V is a vector bundle and W is dense in X. This shows that F 
is faithful. 

We now show that F is full. Indeed, let V, V be equivariant vector bundles with corre- 
sponding {Z X 5, S>^)-filtrations (£, {£P{i)]) and {£\ {£'^{1)]). hei : £ ^ £' he a. map of 
C^xs-modules inducing a map of filtrations. We claim that ip corresponds to a map V — )■ V. 
Now, the pullback of ip along vr gives an equivariant map 7r*('?/') : V|m/xS — ^ V'|iyx5- We will 
show that this extends to all of X x S*. Without loss of generality, we may assume that S is 
affine, say S = Spec A. 

Let Up = Spec 5 be an open affine subset of X containing only points of W and Dp, and 
(after possibly shrinking Up) assume that Dp is cut out by / G -B. The sheaf V restricted to 
UpXS corresponds to an _B® A-module M. Hence, the restriction to (UpDW) x S corresponds 
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to the Bf A-module Mf. Consider a section s of V on Up x S; then n*{ip){s) G Mf. But 
since the filtrations SP{i) and £"^{i) control the order of vanishing along Dp and ip respects 
them, s must actually be in M. Hence, vr* (■?/;) extends to any such set Up x S. 

Now, we can conclude that 7r*('?/') extends to X' x 5", where X\X' has codimension greater 
than one in X. However, since X is normal and V, V are locally free, it follows that vr* (■?/') 
extends to a map defined on all of X x S". □ 

Remark 3.6. Suppose that X is an affine T- variety of complexity k and assume that 
charK = 0. In |AH06j . Altmann and Hansen show that X can be described in terms 
of a polyhedral divisor P on a fc-dimensional normal variety Y . Instead of allowing just 
integral or rational coefficients, the coefficients of V are polyhedra all having some common 
recession cone. Many aspects of the geometry of X, including its T-orbit structure, can be 
read off the combinatorics of the coefficients of V. 

This construction is related to our functor F. The variety X is affine, so we can recover 
it from the global sections of the T-equivariant bundle Ox- Since W ^ Z = [W/T] is a 
T-principal bundle, we have 



where the sum on the right is over some finite set of lattice points v G N, and each is a 
Cartier divisor on Z. Hence, W corresponds to a divisor on Z whose coefficients are lattice 
points of N. To recover Ox (more precisely its global sections, see Proposition 15. ip . we only 
need the additional information of the set S^. In this affine situation, the elements of 
will all be rays of the positive hull of S^, so the complete information of X is encoded by a 
divisor V on Z whose coefficients are lattice translates of a rational polyhedral cone. 

The coefficients of a polyhedral divisor V may have numerous vertices, and need not be 
lattice polyhedra. This is the price to be paid for replacing the potentially non-separated and 
stacky Z with an actual variety Y. The non-integrality of the vertices arises when passing 
from Z to its coarse moduli space: line bundles existing on Z may only exist as higher tensor 
powers on the coarse moduli space. Polyhedral coefficients with multiple vertices arise when 
replacing Z with something separated. 



In this section, we describe the image of the functor F from Theorem 13.11 under certain 
assumptions. As before, let X be a T-variety with DM-locus W, and Z = [W/T] the 
quotient stack with quotient map n : W ^ Z. Let be the subset of N corresponding to 
the invariant prime divisors not meeting W. 

For any T-orbit o C X, let Zp be the image in Z of those orbits o' in W whose closures 
in X contain o. Let consist of those p G such that Dp contains o, and let Mp denote 
the lattice of integral forms on the span of C N. 

Let S be any scheme. As before, we will also denote the quotient map W x S ^ Z x S 
by vr. 

Definition 4.1. A {Z x S*, S^)-filtration {S, {S^{i)}) is X-compatible if for every T-orbit 
OCX and every closed point s ^ S there exists an open set U <Z Z x S containing Zg x s 
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and a decomposition 

= £lu] 

such that each S^^] is a sum of invertible Ojy-niodules, and for every p G , 

u{p)>i 

In order to completely describe the image of F, we will need to impose a slightly technical 
condition on X x S": 

For any open, affine, invariant subscheme Y G X x S and any equivariant 
, , . line bundle £ on Y r\W, there exists an equivariant line bundle C on 

^ ^ Y restricting to C which is locally generated by semi-invariant sections 

whose weights are orthogonal to all p G with Vp fl F 7^ 0. 

This condition is satisfied if X is factorial and S" is a point. Indeed, we may identify line 
bundles on X with Cartier divisors, and to extend a divisor to Y we just take its closure. This 
condition is also satisfied whenever X is a toric variety and T is a maximal torus of Aut(X). 
In this case, the quotient map Y nW ^ [Y n W/T] extends to a map Y [Y n W/T], and 
C may be constructed as the pullback of the invariant pushforward of C. 

Theorem 4.2. Let X be a T-variety and S a scheme. 

(1) For any equivariant bundle V on X x S, F(V) is X -compatible. 

(2) If X satisfies then F induces an equivalence of categories between T-equivariant 
vector bundles on X x S and X -compatible [Z x S, 'L^)-filtrations. 

Proof. Consider any T-equivariant vector bundle V on X x S. From Proposition 12.11 V 
locally splits as 

v = 0Vm 

[u\ 

with each V[u] further splitting in a sum of equivariant line bundles 0^ generated by 
invariant sections in weights mapping to [u]. Then 7r*(V[u] |vfx5)o gives the desired local 
splittings of vr^,(V|iyx5) satisfying the compatibility condition. This shows part [1] of the 
theorem. 

For part [21 we suppose that X satisfies ([f]). Let {£ , {£^{1)}) be an X-compatible {Z x 
S, S^)-filtration. We will construct a corresponding vector bundle on X via a local construc- 
tion which glues. Without loss of generality, we will assume that S is affine. 

Fix a T-orbit of X, a closed point s of S, and let U and £[u] be as in Definition 14. II above. 
Let V = 7T~^{U) and let Y consist of the closures of the orbits in V; note that Y is an open 
subscheme of X x S", and contains x s. After possibly shrinking V, we may assume that 
Y is T-invariant, open, affine, and contains x s, with V = Y (1 W. 

Define the sheaf on V as the pullback of the sheaf £[u] on U. Due to Definition 14. 
this decomposes as a direct sum of equivariant line bundles 

-^M ^ 0'^«- 

We extend this to an equivariant vector bundle on Y via 

^M = X""®0A 
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where the are as in dt]). Now let 7 = 0J^[„]. It follows from our construction that 
the image of the vector bundle J-" under F is the restriction of {S, {S''{i)}) to U, where we 
consider only those filtrations indexed by p G . 

Varying o and s, we now define a vector bundle on X x 5 by gluing the sheaves J-" con- 
structed above. Indeed, since locally the images of the corresponding vector bundles under 
the functor F agree, these sheaves satisfy the necessary conditions for gluing by Theorem 
11.21 Hence, we may conclude that the set of X-compatible {Z x S, SX)-filtrations lies in the 
image of F. 

□ 

Example 4.3. As mentioned above, ([f]) is satisfied in the case that X is toric. In this 
situation, T-orbits correspond to cones in the fan S defining X |Ful93i Section 3.1], Z is 
just a point, and we recover Klyachko's description of toric vector bundles |Kly89 , Theorem 
2.2.1] by taking S = SpecK. 

More generally, for any arbitrary scheme S, Payne describes equivariant vector bundles 
on X X in terms of filtrations of vector bundles on S satisfying a rank condition |Pay08 



Proposition 3.13]. We leave it to the reader to check that Payne's rank condition is equivalent 
to our compatibility condition. 



5. Global Sections and Standard Constructions 

As before, let X be a T- variety with DM-locus W, Z = [W/T] the quotient stack, and 
let parametrize invariant prime divisors of X not contained in W. In this section, we 
describe how to calculate the global sections of an equivariant vector bundle on X in terms of 
its (Z, EX)-filtration, and how certain standard constructions of equivariant vector bundles 
translate to filtrations. This may all be generalized in a straightforward fashion to bundles 
on X X S", for S an arbitrary scheme; we leave the details to the reader. 



5.1. Global Sections. Let V be a T-equivariant vector bundle on X with corresponding 
(Z, SX)-filtration {£ , {£^{i)}). It is straightforward to recover the graded components of 
H^iX, V) from the filtration {£, {^^(i)}). 

For each p G S^, let ip be the largest i G N such that 7^ 0. Let Dy C Mq be the 

polyhedron defined by 

Dv = {ue Mq\ u{p) < ip Vp G } . 
Using notation as above, for any m G M let Oz{u) = 'n'^{Ow)u- 
Proposition 5.1. Let u G M . Then 



H%X,V)u 



H^iZ,£(^Oz{u)) EX = 

npe^.H'{Z,S^{u{p))^Oz{u)) 



Ifu^ Dv, then H^{X,V)u = 0. 

Proof. Follows immediately from construction of {S, in Section [31 □ 
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5.2. Line Bundles. Let D be a T-invariant Cartier divisor on X. Then D = D' + 
Y^p^-^x CLpDp where the components of D' all meet W. The line bundle Ox{D) corresponds 
to the {Z, S^)-filtration {S, {SP{i)}), where £ = OMD'\w)) and 



8 i < —ap 
i > —Qp 



5.3. Sums, Products, and Duals. Let V and W be two equivariant vector bundles on X 
with corresponding filtrations {S, {S^{i)}) and (J-", {J-'^(z)}). It is straightforward to check 
that 

F(V © W) = © -F, {g^ii)}), where G'it) = ^ S^is) © J^^(t); 

s+t=i 

F(A^V) = (a'^^, {G^ii)}), where g'{i) = ^ £fis^) A ... A f ''(s^); 

Sl,...,Sfc 

F(Sym'=V) =(Sym^£:,{6;^(2)}), where = £P{s^) ■ . . . ■ £%s,y, 

F(V*) = {£*, {g'{^)}), where ^^^(O = {£/£'{! - z))*. 



6. Tangent Bundles 

Let X be a smooth T-variety. Then the tangent sheaf 7x is locally free, and since it is 
defined functorially, it comes with a natural equivariant structure. In the following, we will 
describe the corresponding (Z, S^)-filtration, and then use this to calculate global vector 
fields. 

6.1. General Description. We first recall some details about Atiyah extensions: Let C 
be a line bundle on a smooth tame Artin stack Z and let E = Spec^ ®uez ^^X^ be the 
corresponding G^-torsor with projection it : E ^ Z. Then there is an exact sequence 

> Oz > 7r,(rB)o > Tz > 0. 

The corresponding class ri{C) e Ext^{Tz,Oz) = H^{Z,nz) is called the Atiyah class of 
C Note that 1] is simply the image of C under the group homomorphism H^{Z,0^) — )■ 
H^{Z,nz) induced by the map O*^ Qz sending / to df / f [SeiM cf. 3.3.3]. Here, 
d : Oz ^z denotes the canonical derivation. 

Now let X be a smooth T-variety, and W G X its DM-locus. For u G M, let = 
7i,{Ow)-u; then W = Specz ©^^m -^^X"- 

Proposition 6.1. If X is smooth, there is an exact sequence 

(1) > N®Oz TT,{Tw)o Tz > 0. 

and the corresponding class 

7] G Exti(rz, N^Oz) = Hom(M, H\Z, Qz)) 

is given by the map u i-> ri{C^). 
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Proof. It suffices to prove the claims in the case that is a principal T-bundle over a smooth 
variety Z. Without loss of generality, we may assume that the are subsheaves of K{Z). 
Let U G Z he any open affine set on which W and Tz trivialize. Then there exists / G C{Z) 
and w G N such that is generated by on U. 7i*{Tw)o is then generated by the 

invariant derivations 

The map l sends v ® g to gd^; sends 6^ to and 5 to a. This defines the desired exact 
sequence. 

The above exact sequence determines, for any u G M, an injective map Oz — ?■ 7r*(7vy)o by 
sending g to g'YjU{v)dv. The image of this map is naturally contained in 'n'^{Tw')o, where 
W = Spec^ ©feeZ'^^^x'^" with projection n' : W — )■ Z; this sequence can be completed to 
the extension 

> Oz n,{rw')o Tz > 0. 

corresponding to ri{C^). Thus, the extension in ([T]) corresponds to the class u i— )■ rji^C^). □ 

Theorem 6.2. Let X he a smooth T -variety. Then the image of Tx under F is given by 
the (Z, S^) filtration {S, {£''{{)}), where £ corresponds to the extension class u i— )■ ri{C^) G 
Ext^(rz, A^O Cz) and 



with l{{p) ® Oz) the image of (p) ® Oz in £ under l. 

Proof. Once again, it suffices to show the claim when W is a, principal T-bundle over a 
smooth variety Z. Let U be an open affine set of Z on which W and Tx trivialize as in the 
proof of Proposition 16. Ij we restrict our attention to W\u and use notation as above. 

Let u & M and p G S^. Consider any semi-invariant function s of weight u. Then sdy 
extends to Dp if and only if for any semi-invariant regular function t of weight u' on W\u 
extending to Dp, either d^t = or p{u) — p{u') < 0. Hence, if p{u) < 0, sd^ extends to Dp. 
If p{u) = 1, sdy extends to Dp if and only if u'{v) = for any u' G p"*", that is, if v is in the 
span of p. Finally, if p{u) > 2, sdy extends to Dp if and only if u'{v) = for any u' satisfying 
< u'{p) < u{p), but this is impossible. The claim now follows from Proposition 16. II □ 

Remark 6.3. The cotangent bundle of X may be described by combining the above theorem 
with the discussion of Section 15.31 This leads to an even simpler description of the canonical 
bundle on a smooth T- variety X. Indeed, if n = dimX and m = dimT, A"7r*(f2vy)o — 
A™(M ® Oz) 8) A^-^fiz = wz- Hence, ux corresponds to the {Z, S^)-filtration {£, {£Pii)}) 
with £ = uz and 

£^{^) = h 

^' [0 i>-l 

Combined with 15. 2i this gives a result similar to that of [PSllt Theorem 3.21]. 
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6.2. Vector Fields. Using tlie above description of the tangent bundle, Proposition 15.11 
allows one to calculate its global sections. We now make the formula more explicit in a 
specific case, namely for complete rational complexity-one T-varieties. We shall first assume 
that Z is separated. In this case, Z is a weighted projective line. That is, we may view 
Z simply as a projective line on which divisors with some fixed rational denominators are 
allowed at a finite number of points. 
Under these assumptions, 

W = Specpi 
ueM 

where 



\pev ) 



such that V is some finite subset of points in and for each P & vp & Nq. If the number 
of points P with vp ^ N exceeds 2, then S = 'n'*{Tw)o will not split, making calculations 
somewhat tedious. However, since the coarse moduli map ip : Z ^ is exact and preserves 
cohomology, we can push forward twists of vr^,(7vi/)o by Oz{u) to and easily calculate 
global sections there, since all bundles split. Note that the pushforward of Oz{u) is just 

For each P & V, let np be the smallest natural number such that npvp G A^. Define for 
ue M, P eV 

ap{u) = -u{vp) + - — 7(m) = [ap{u)\P. 

Up ^-^ 

Let V{u) consist of those P E V such that ap{u) G Z, and let V{u) = V \ V{u). Set 
'^('") •= Spg'p(u) "^-P if ^{'^) 7^ O5 Ist V{u) be any codimension-one subspace of Nq not 
containing v(m). 

For any v G A^q, let : K{X) — > K{X) be the invariant rational derivation sending 
/ ■ X" ~^ '^{'^)f ■ X" foi' ^ f G K{F^). Likewise, let dy be the invariant rational 

derivation sending / ■ ' fo^' f ^ where y is a local parameter of G P^ 

with a single pole at 00. 

Now, set 

e{u) ■■ = dy+ ^ ^ p d,,p - £:9v(«) 

where if V{u) = 0, e = 0, and otherwise e = for any P G Vi^u) \ 00. 

Proposition 6.4. Let u G M. Suppose u{p) < 1 for all p G S^, and V{u) = V, and 
v(m) 7^ 0. Then H'^{X,Tx)u equals 

(P\ ® © (P\ Opi (7(^) + {00})) (e(M), 2/e(M) - 9vh)x-". 

Suppose still that u{p) < 1 /or a// p G ^fii "^l^) V or v(m) = 0. T/ien H^{X,Tx)u 
equals 



jjo ^pi^ ^ ^ ^0 J^pi^ (^p^ J^^^^) ^ 2{oo})) e( 



«)x-^ 
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Name 




&2 


i&3 


h%Tx) 







54 


1 





10 





2.24 


30 


2 





2 


3 


2.29 


40 


2 





4 





2.30 


46 


2 





7 





2.31 


46 


2 





7 





2.32 


48 


2 





8 





3.8 


24 


3 





2 


5 


3.10 


26 


3 





2 


4 


3.18 


36 


3 





3 





3.19 


38 


3 





4 





3.20 


38 


3 





4 





3.22 


40 


3 





5 





3.23 


42 


3 





6 





3.24 


42 


3 





6 





4.4 


32 


4 





2 





4.7 


36 


4 





4 





4.8 


38 


4 





5 






Table 1. h^{Tx) and h^{Tx) for complexity-one Fano threefolds 

Suppose instead that u{p) = 1 for some unique p G with u{p') < 1 for all other p' G S^. 
Then H^{X,Tx)u equals 

Finally, if u does not fulfill any of these conditions, H^{X,Tx)u = 0. 

Proof. If V{u) 7^ P or if v(m) = 0, then the pushforward of the twist by Oz{u) of the exact 
sequence ^ must spht, and focal calculations show that 

^*(vr*(rvy) J = ® Nq) © e{u) ■ O^i (-f{u) + 2 ■ {oo}) . 

On the other hand, if V{u) = V and v(n) 7^ 0, then we have 

MMTw)u) = (£""®V^(m)) ©(e(M),?/e(M)-9v(„))-Cpi(7(M) + {oo}). 

The claims now follow from Proposition 15. 1[ □ 

For the general case where Z is not separated, we may cover Z by a finite number of 
weighted projective lines. H^{X,Tx)u may then be computed by using Proposition 16.41 to 
first calculate sections on each chart and, and then by intersecting a finite number of finite- 
dimensional vector spaces. 

Example 6.5 (Complexity-one Fano Threefolds). A list of smooth non-toric Fano threefolds 
with (C*)^ action has been given by the second author, see |SuB13] . We may apply the above 
results to compute h^{Tx) for such varieties, see Tabled The quantity h^iTx) follows from 
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Riemann-Roch and the Betti numbers of X, see e.g. |CI12t Proposition 3.1]. The names 
appearing in the leftmost column refer to the terminology of Mori and Mukai |MM82] . 

It is interesting to note that X is rigid, that is, h^iTx) = 0, whenever h^{Tx) is strictly 
larger than 2. Of course, h^iTx) > 2 since H^{X,Tx)o always contains Nc = C^. 

7. Splitting of equivariant bundles on P" 

Let m,n E N with 1 < m < n and consider the (i^'*)'"-action on P" such that the ith 
coordinate of [K*)"^ acts on the ith homogeneous coordinate of P" by multiplication. 

Theorem 7.1. Let V be a rank r vector bundle on P", which is (K*)"^ -equivariant with 
respect to the above action. If r < min{n, m + 3} then V splits equivariantly as the sum of 
line bundles. 

Proof. If n = 2, the statement is trivial. We proceed by induction on r, assuming that n > 2. 
Suppose the statement is true for all r < k, and let V be a (i^'*)™'-equivariant rank k + 1 
bundle on P^, where k + 1 < min{?T,,m + 3}. Let Pq be the closed point of P^ given by 
the vanishing of all but the mth coordinate, and let H be the divisor on which the mth 
coordinate vanishes. We restrict [K*)"^ to the subtorus K* corresponding to the mth factor. 
Of course, the bundle V is equivariant with respect to this action. This K* acts freely on 
W = F"- \ {H U Pq); the quotient is P"~i with the map just given by projection from Pq to 
the hyperplane H. Thus, consists of the single divisor H, and rank k + 1 equivariant 
vector bundles on P" are given by a filtration {£{i)}i(zz of a rank k + 1 vector bundle S on 
P"~^ satisfying the compatibility conditions of 14.11 

First, we suppose that there exists A e Z such that £ = £{\) and £{\ + 1) = 0. Since 
the point Pq is in the closure of every orbit of W, the compatibility condition implies that £ 
splits as a sum of invertible sheaves Cj. Then the filtrations {Cj{i)}i^z defined as 



A(0 



Cj i<X 
i> X 



for j = 1 . . . k + 1, correspond to ir*-equivariant line bundles on P" whose direct sum is the 
original bundle. Since a vector bundle splits T-equivariantly if and only if it splits (see the 
proof of |Kly89 1.2.3]), V must split equivariantly. 



Suppose instead that there exists A G Z such that T = £{X) is neither nor £ and 
£{X + 1) = 0. Consider the exact sequence 

(2) > 7 > £ > Q > 0, 

where Q is the quotient £/J^. Note that Q is locally free, since £{i) is a filtration by 
sub-bundles. 

We claim that J-" and Q split as sums of line bundles. If m > 1, a residual {K*)"^^^ acts 
on P^~^ and £ and J-" are equivariant with respect to this action, and hence Q as well. It 
follows by the induction hypothesis that J-' and Q split, since their rank is at most k. If 
instead m = 1, then the rank of V is at most 3. Hence, the rank of J-" must be 1 or 2, 
and by replacing V with V*, we can assume that J-" has rank 1 and rk Q < 2. As above, 
the compatibility condition at Pq implies that £ splits. Due to the splitting of £ and J-" 
and the fact that n > 2, the long exact sequence of cohomology coming from (|2]) gives that 
if^(P"~^, Q{t)) = for all t G Z. Hence, Q must also split by the Evans-Griffith criterion 
|EG81[ Theorem 2.4]. 
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Now, since n > 2 and J-' and Q are split, we have that 

so the above sequence sphts and we can view Q as a direct summand of S. The two filtrations 

correspond to equivariant bundles of rank at most k on P" whose direct sum is the original 
bundle. The theorem now follows by induction. □ 

Remark 7.2. The hypothesis above that rkV < n is necessary, since the tangent bundle 
does not split. We do not know if the hypothesis rk V < m + 3 is necessary. If one assumes 
Hartshorne's conjecture (rank two bundles on P" split for n > 7, then the above proof may 
be adapted to show that this hypothesis can be relaxed to rk V < m + 5 so long as n > m + 7. 
The following question precisely describes the obstruction to omitting the hypothesis on 

m. 

Question 7.2.1. Is there an exact sequence of vector bundles on P" for some n > 2 as in 
Equation (|2]) such that 

(1) and Q do not split as sums of line bundles; 

(2) rkS < n and S splits as a sum of line bundles? 

If the answer to this question is negative, then the bundles appearing in (|2]) in the proof 
of the theorem must split, regardless of assumptions on m. Conversely, if there is such a 
sequence, one may use it to construct a i^'*-equivariant bundle on P"'+^ of rank rkS which 
does not split as a sum of line bundles. 

8. ToRic Downgrades 

Consider a toric variety X with embedded torus T' and a T'-equivariant vector bundle V 
on X. This may be described via a collection of filtrations of a vector space, see |Kly89] or 
Example 14.31 If T C T' is a subtorus, then V is also T-equivariant. The aim of this section 
is to translate the description of V as a T'-equivariant bundle into a description of V as a 
T-equivariant bundle. In other words, we need to give a description of Z = [W/T], and 
the {Z, S^)-filtration corresponding to V in terms of (stacky) toric geometry. 

8.1. Toric Stacks. The first thing we need is a description of non-separated tame toric 
stacks with finite stabilizers, since they occur as quotients in our construction. In principle 
this is done in |BCS05j . but we need to enrich their concept of stacky fans to cover the 
non-smooth and non-separated cases. The non-smooth case is treated in |Tyol2 Section 4]. 



We will use essentially the same construction here, but modify it slightly to include non- 
separated stacks. Before dealing with stacks, we will first discuss toric prevarieties, see also 
|ANH01j for non-separated toric constructions. 

Definition 8.1. A prefan is a pair consisting of a finite poset (S, <) with a unique 

minimal element and a morphism /is of posets associating to each element of S a cone in 
A^Q, such that the following conditions are fulfilled: 

(1) /iE(0)=0, 

(2) for S<a- '■= {t \ T < a}, the restriction of /is is an isomorphism of posets between 
E<o- and the set of faces of /is(c). 
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We define cr fl cr' to be the subposet S<o- fl S<o-'. A ray of S is an element p E sucli tliat 
is a cone of dimension one. S^^^ denotes the set of all rays. 

One may view our prefans as certain abstract polyhedral complexes with a geometrical 
embedding for every single polyhedron. In particular, a cone may occur in several instances 
in our complexes and all cones are glued only along faces which are subsets of their common 
intersection. The drawback of this kind of object is that it is not as easy to draw as a usual 
fan. To overcome this problem, one can draw several pictures of fans, such that the image 
of every maximal element occurs in at least one of them, and in the pictures, intersection 
respects the partial ordering. However, one must also identify faces occurring in different 
pictures. This idea is formalized in |ANH01] under the name system of fans. 

Construction 8.2. For any cone C in Nq, let X(C, A^) = X(C) denote the afiine toric 
variety corresponding to C, see e.g. |Ful93] . For two elements a, a' G S the set psicr fl a') 
defines a subfan of yUE(cr) and fi-E{(T'), respectively. Hence, we may identify the corresponding 
open subvarieties of X(/is((T)) and X(/is(o"'))- This leads to an equivalence relation ~ 
satisfying the necessary cocycle condition and we obtain a toric prevariety 

X(S):= (lIX(/.s(a))]/~. 

Remark 8.3. Every fan A gives rise to a prefan by considering the poset A and the 
identity map. On the other hand, if E is a prefan such that /is is an isomorphism of posets 
and /is(S) is a fan, then by definition X(E) = X(/xs(E)). Hence, by abuse of notation we 
will treat every fan special case of a prefan. 

Example 8.4. We consider the prefan given by S = {0, 1, 1', —1} with partial order < 
1, 1', —1, and the mapping fi with /x(0) = 0, = /i(l') = Q>0) = Q<o- Our 

construction gives a projective line with a doubled origin. The two instances of this point 
corresponds to 1 and 1' which are mapped to the same cone. 

We may sketch this situation as in Figure [U^a). Alternatively, we can give the two fans in 
[D^b). From the labeling of the cones we can read off the fi. The partial order is given from 
the face relation in both pictures. 



1 


1' 1 




1' 




0' 






-1 


-1 




-1 



(a) Sketch of a prefan (b) A system of a fans 

Figure 1. Projective line with a doubled point 



Definition 8.5 (cf. |Tyol2 Definition 4.1] ). A stacky prefan is a pair S = (E, S°) consisting 
of a prefan S in Nq and a mapping S° associating to every a G E a sublattice := S°(o") C 
A^ such that 
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(1) is a sublattice of finite index in := Q ■ fi^{(T) n N , 

(2) S° respects the order of S, i.e = n for r < a. 

We will now show how to associate a tame toric stack with finite and generically 

trivial stabilizers to any stacky prefan S. Our construction is identical to that of |Tyol2 
Section 4.1], except that we glue things in a more complicated fashion. 

Construction 8.6. Locally we may construct the stack corresponding to H as the quotient 
of an affine toric variety by a finite subgroup of the torus. Let us first assume that /iE(o') is 
full-dimensional. We have an exact sequence 

>N^^^N ^0 

where is some finite abelian group. By dualizing the embedding we get 

>M >AfO >0, 

which leads to an embedding G^ = Spec K[Ga-] ^ Spec K[M^] = T°. We then define to 
be the quotient stack [Ua-/Ga], where U„ = X(/is(o"), iV°). 

If fij:{(j) is not of maximal dimension, then we may replace A*",^ by some sublattice N' (Z N 
of finite index, such that N'nNcj = N^. It is not hard to see that the corresponding quotient 
stack does not depend on the choice of N' (see e.g. [GSlll Theorem B.3]). In particular, for 
a > r < a' the corresponding open substacks [X(r, N^)/Ga-] C and [X(r, N^,)/Gfjf] C f/g-' 
can be identified. By gluing along these common open substacks we obtain a global object 
X(S). By construction, X(S) is a tame stack with finite and generically trivial stabilizers. 
Moreover, the face < a gives an embedding T [K{fij:{a), N^)/Ga] with T = T^/Ga, 
and the T° action on X(/is(cr)) descends to a T-action on the quotient. These actions glue 
and we obtain a T action on X(S). 

It is not difficult to check that the coarse moduli space of X(S) is the toric pre-variety 
X(S); we leave the details to the reader. 

Remark 8.7. Suppose that the stacky fan S satisfies the condition that for any cxi, (T2 G E, 
the intersection ai H CT2 has a unique maximal element r. Then X(S) is a global quotient of 
a toric variety by a sub-quasitorus. Its fan is obtained by successively embedding copies of 
the cones and fij]{<72) in x N^,, and dividing out by the sublattice x (— A^°); 

we leave it to the reader to fill in the details. 

8.2. Vector bundles on toric stacks. The description of equivariant vector bundles on 
our toric stacks is completely parallel to the case of varieties and fans. Indeed, we may 
construct our vector bundles locally. Here, giving a T-equivariant vector bundle on a local 
chart Ua = [Ua/Ga] is the same as giving a Tjvo-equivariant vector bundle on Ua = X(/is((T)). 
Hence, a vector bundle on the toric stack X(S) is given by a vector space E and filtration 
EP[i) for every ray p G S^^^ such that Klyachko's compatibility condition |Kly89 , Theorem 



2.2.1] is fulfilled with respect to the lattice N^. More precisely, for every a G E, there must 
exist a splitting E = 0„gj;^o E^'^^{u) such that E''{i) = 0^„pO)>j E^'^^{u) if p is a ray of a. 

We obtain an equivalence of categories between families of compatible filtrations E^li) 
indexed by E^^^ and vector bundles on X(S). 

8.3. Downgrades. We now turn to the problem of downgrading the description of toric 
vector bundles. Consider the toric variety X = X(E), where E is a fan in NL. A torus 
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inclusion T ^ T' corresponds to an exact sequence of lattices 
(3) >A^— ^A^'-^^iV >0 

The subtorus T G T' also acts on X. It is easy to see that the DM-locus W G X with 
respect to T corresponds to the subfan S' C S consisting of those cones which preserve their 
dimension under /iq. 

Furthermore, is S*^^) fl Nq, or more precisely, consists of the primitive generators 
of those rays which are contracted by /i. 

Lemma 8.8. Consider the stacky prefan S given by the prefan (S', /i) together with the map 
a^^i{N'^). Then 

X(S) = [W/T]. 

Proof. Note that since by assumption a is not contracted by yU, the restriction /iljv^ is an 
isomorphism onto its image. Locally, we have maps of cones fitting into a commutative 
diagram 



(4) 



a <- 
N' ^ 

N = 



N 



By |GS1H Theorem B.3] this induces an isomorphism 

[X(a)/r]= [X(/i(a),/i(iV;))/a]. 
Moreover, these local isomorphisms glue and we obtain the statement of the lemma. 



□ 



Now, consider a T'-equivariant (i.e. toric) vector bundle V on X. This corresponds to 
filtrations E^^i) of a vector space E, where p ranges over all p E T,^^\ Restricting our 
torus action, we may instead consider V as a T-equivariant bundle. This corresponds to 
some compatible (Z, E^)-filtration {S,{S''{i)}), where Z = X(S). Since the quotient torus 
T = T'/T acts on {S, {S''{i)}), we may describe this as in Section [8^ 

Proposition 8.9. The T-equivariant vector bundle £ on X(S) corresponds to the filtrations 
EP{i) for every ray in S'. Moreover, for'j G C iV andj G Z, the bundle (j) corresponds 
to the filtrations EP{i) n E'^^j). 

Proof. The first statement is local with respect to cones in S', so without loss of generality 
we may assume that S' consists of a single cone a. The proof of Lemma [8.81 implies that we 
have the following commutative diagram of quotients: 




Now, we have a bijection between T-equivariant vector bundles on Z and T° -equivariant 
vector bundles on Ua-, realized by puUback and pushforward of the Gcr-invariant part, re- 
spectively. Moreover, we have a bijection between T-equivariant vector bundles on Z and 
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T'-equivariant vector bundles on X(cr). This correspondence is realized by pullback and 
pusliforward of the T-invariant part, respectively. 

We would like to show that £ = n^iV)^ corresponds to the chosen filtrations. By our 
construction, it is equivalent to show that i*(V) corresponds to the given filtrations, but this 
is well known for toric vector bundles. 

Now we have to check that S"'{j) actually corresponds to the filtrations EP{i) r\E'^{j). By 
the same argument as in the proof of Lemma 13.21 we may reduce to the situation that V 
has rank one and is generated by a T'-semi-invariant section of weight v. The section is also 
semi- invariant with respect to the T-action. The corresponding weight is given as F*{v), 
where F* : M' — )■ M is the dual homomorphism to F in ([3]). 

Now, we only have to show that the rank of S'^{j) jumps (from to 1) at the same index as 
the dimension of E"'{j). To prove this we consider X as both a T'- variety and as a T- variety. 
In both cases we have 7 G S^, and -^(7) G S^, respectively. Now, 

v{F{^)) = F*iv){^) 

holds and the proof of Lemma [22] shows that the jumping position of E"'{j) is calculated by 
the left-hand side and that of S"'{j) by the right-hand side. □ 

Example 8.10. We consider X to be the blowup of in one point and the i^'*-action given 
by multiplication on the first coordinate. This situation corresponds to the fan in Nq = 
with rays pi = Q>o ■ ei, p2 = Q>o ■ (ei + 63), Pa = Q>o ■ 62, Pi = Q>o ■ (-ei - 63) along with 
the exact sequence 

(5) >Z ^^N' = T? ) ¥ = Z ^0 

The situation is sketched in Figure [2]|^a). Now, the fan S' of W consists only of the rays P25 




(a) Blow up of P2 (b) P2 



Figure 2. Two toric quotient maps 

Ps and p4, respectively. Since e\ lies in the kernel of p, the corresponding ray pi is contracted 
by p and has to be removed, as well as the full-dimensional cones. Now, the corresponding 
prefan is the same as in Example 18. 4[ The stacky structure is trivial, i.e. always gives the 
maximal lattice (in the figure the semi-group S°((t) fl p((t) is sketched by the o-symbols). 



EQUIVARIANT VECTOR BUNDLES ON T- VARIETIES 



19 



By |Kly89 2.3 Example 5] or Theorem I6.2[ the tangent bundle on X is given by the 
filtrations 



(6) 



N' i<Q 

Ep{i) = l{p) 1 = 1 

i>l 



By the downgrading procedure £ is given by these filtrations for the rays p2, Ps, P4- The 
set consists of pi, and the corresponding filtration of £ has one non-trivial step £'^^{1) 
which is a rank one sub-bundle T d £ given by the filtrations FP^{i) for j = 2, 3, 4 with 



(Pi) ^<0 







i > 



It is not hard to see that 
(7) ^^O([0i] + [oo])©O([02]) 

and J-" = Oz- Here Oi, O2 denote the two instances of the origin. The inclusion Oz = T '-^ £ 
is given by sending 1 to ei — 62, where e\ and 62 are sections with value 1 from the line bundles 
in the decomposition ([7]) . This agrees with the description of Tx coming from Theorem 16.21 

Example 8.11. Now consider we consider with a ir*-action given by the weights 1, —1, 0. 
The toric variety is given by the fan S in A^q = spanned by the rays p\ = Q>o" (61 + 62), 
P2 = Q>o ■ (62) and ps = Q>o ■ (— ci — 2e2). With this fan the K* action corresponds also to 
the exact sequence ([5]). Now, S' consists of all non-maximal cones, since no ray is contracted 
by p. The quotient prefan is the same as in the previous example, but the stacky structure 
differs: S°(p3) = 2N. The situation is sketched in Figure [2]J^b). 

The tangent bundle is again given by the filtrations EP^{i) from ([6]) for j = 1, 2, 3. These 
filtrations also define the bundle £ on Z. For this example is empty and we have no 
filtration to consider. 



9. EQUIVARIANT DEFORMATIONS 

9.1. Families of Vector Bundles. Let X be a T- variety and V a T-equivariant vector 
bundle. Let S" be a scheme. We would like to construct T-equivariant deformations of V 
over S, i.e. a T-equivariant vector bundle V on X x S" restricting to V. 

Let W be the DM-locus of X, Z = [W/T]. Now, any equivariant vector bundle on X x S" 
corresponds to some {Z x 5, S^)-filtration by Theorem 13. 1[ As one might suspect, such a 
vector bundle restricts to V if and only if the corresponding [Z x S, S^)-filtration restricts 
to the {Z, S^)-filtration for V. 

Proposition 9.1. Let V be an equivariant vector bundle on X x S with corresponding {Z x 
S, T,^) -filtration {£, {£P{i)}). Then for any point t E S with fiber Xt = X in X x S , V\xt 
corresponds to the {Z,T,^)- filtration {£\zt, {^Izti'^)}) ■ 



20 



N. ILTEN AND H. SUSS 



Proof. We have the following commutative diagram 



xS 



TTXid 



-^Zx S 



Hence, we obtain 



VI 



Wt 



L*{7T X sys 



7T J S 



7f*Sl 



It remains to show that the filtrations actually correspond to V\xf 

As in the proof of Lemma 13.21 we reduce to the case that V is an equivariant line bundle 
with sections locally generated by elements s of weight v. Now, the filtration consists only 
of one step jumping from = £''{i + 1) to £^ = S^{i). Hence, the position i of this step 
determines the filtration. We may reduce to the local situation where V is generated by a 
single section s of weight v G M, now the jumping position is given by —v{p) (see Remark 
13. 5p . But when restricting to Xf the weight of s does not change. Hence, the jumping 
position for the filtration corresponding to V\xt is ""^(p) as well and is indeed the 

correct filtration for V\xf D 

Example 9.2 (First Order Deformations). Let X be a T- variety and V an equivariant 
bundle on X. Let S be the fat point Spec K[t]/t'^ . Then it is well-known that equivalence 
classes of families V on X x S* together with a map V — >■ V restricting to an isomorphism 
correspond to extension classes in Ext0^(V,V), see e.g. [HarlOl Theorem 2.7]. Indeed, to 
an extension 







-> 



one associates the map (j)2 '■ V ^ V on X x S . Here, the Cxxs-niodule structure on V is given 
hj t ■ s = (01 o (s). In particular, equivariant families V — V correspond to equivariant 
extensions, that is, the degree zero part of Ext0^(V, V). 

Now, let {S'^{i)} be the (Z, S^)-filtration corresponding to V. Let 

denote the set of classes of extensions of the (Z, S^)-filtration {S''{i)} by itself to an X- 
compatible (Z, E^)-filtration. Then by the above proposition, we have the following com- 
mutative diagram: 

Ext^ (V, V)o ^ {0 : V — !■ V I 0|t=o is an isomorphism}/ ~ 



'4)\t=Q is an isomorphism 
£''{i) is X-compatible 



The horizontal arrows are bijections, and if X satisfies ([f]), then so are the vertical arrows. 
Indeed, by Theorem 14.21 the left vertical arrow is bijective, from which it follows that the 



EQUIVARIANT VECTOR BUNDLES ON T- VARIETIES 



21 



right arrow must be as well. Hence, we may study so-called first order deformations of V in 
terms of objects on the quotient Z. 

9.2. Deformations of the Tangent Bundle. One general problem in deformation theory 
is to lift a given infinitesimal deformation to higher order. However, even for toric vector 
bundles, there are often obstructions to lifting deformations. In fact, moduli spaces of toric 
vector bundles can have arbitrarily bad singularities, see |Pay08[ Section 4]. In the following. 



we will restrict our attention to deformations of the tangent bundle; these play an essential 
role in (0,2) mirror symmetry, see e.g. |KMMPlT] . For the case of toric Fano varieties, we 
may easily calculate obstructions to lifting: 

Theorem 9.3. Let X he a smooth, complete toric Fano variety corresponding to the fan S. 
For each ray p G T,^^\ let Dp denote the associate invariant prime divisor. Then for i > 2, 

Ext\rx,Tx)= H'-\Dp,On,iD,)). 

In particular, if each divisor Dp is Fano, then the versal deformation of the bundle Tx is 
smooth. 

Proof. We will make use of the generalized Euler sequence |Jac94 j : 

(8) > nx > ®pOi-Dp) > Ox®Pic(X) > 0. 

Here, the Dp are the torus invariant prime divisors of X. Twisting by Tx and using the long 
exact sequence of cohomology, we can conclude that for i > 2, 

Ext^(rx, Tx) = H\X, Tx ® nx) = H\X, Tx ® 0{-Dp)). 

p 

Indeed, this follows from the fact that H^{X, Tx) = for i > 0, see [BB96t Proposition 4.2]. 
Now, for any divisor Dp, we consider the short exact sequence 

(9) y 0{-Dp) y Ox y Od, y 0. 

Since Dp is a complete toric variety (cf. |Ful93t Section 3.1]) and higher cohomology groups 
of the structure sheaf vanish on a toric variety (cf. |Ful93t Section 3.5]), the long exact 
sequence of cohomology implies that H\X,0{—Dp)) = for all i. Twisting the sequence 
dual to dH]) by ®pO{—Dp) and using this vanishing gives 

W{X, Tx ® 0{-Dp)) = H\X, 0{D, - Dp)). 

P 7.P 

On the other hand, we may consider the twist of the sequence ([9]) by 0{V^) for any 
divisor D^ ^ Dp. Since X is Fano, the higher cohomology groups of Ox{T>^) vanish, giving 
an isomorphism 

(10) W{X, 0{D, - Dp)) = W-\Dp, Od,{D,)) 

for i>2. The first claim now follows. 

The second claim follows from the vanishing of higher cohomology for prime invariant 
divisors on toric Fano varieties. □ 

Remark 9.4. The graded pieces of the cohomology groups appearing in the above the- 
orem may be computed by counting connected components of certain graphs, see |Iltlll 
Proposition 1.1]. 
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-10 1 -1 1 -1 1 -1 1 



(a) pi X pi (b) Bli(p2) (c) B12(P2) (d) B13(P2) 

Figure 3. Fans smooth toric Fano surfaces 



(9) (9) 



(9) 



■Vi ® 



(a) Pi X Pi 



(b) Bli(p2) 



(c) Bl2(P2) 



(d) Bl3(P2 



Figure 4. Degrees of Ext^(7x, Tx) for smooth toric Fano surfaces 



Now, if we restrict our attention to a toric Fano surface X, the tangent bundle Tx has 
unobstructed deformations. Indeed, each invariant prime divisor is isomorphic to and 
hence Fano. Thus, the versal deformation of 7x is smooth, and it is an interesting challenge 
to describe a versal family of bundles. 

There are exactly four smooth toric Fano surfaces with non-rigid tangent bundle: x P^, 
and the blowup of P^ in n = 1,2,3 points, which we denote by B1„P^. The corresponding 
fans are depicted in Figure [31 For each surface, one may compute the graded pieces of 
the space Ext^(7x,7x) of first order deformations of the tangent bundle using [Kly89 4.6], 
assisted by the software |BIP10j . The result of this computation is depicted in Figure HI 
Each dot corresponds to a one-dimensional homogeneous piece ofExt^{rx,Tx) in the given 
weight. 

Our description of equivariant bundles may be used to construct explicit i^'*-equivariant 
families of vector bundles whose restrictions to a fat point span the graded pieces of the 
vector space Ext^(7x, Tx)- This provides a sort of skeleton of the versal deformation of Tx- 
In the remainder of the section, we do this explicitly for P^ x P^ and the blowup of P^ in one 
point. Similar constructions may be made for Bhi^^) and Bh{F^). 

Example 9.5 (X = P^ x P^). We will consider the subtori T C {K*y given as T = keru 
for the characters u = [1,0] and u = [0, 1]. For both choices of u, the T-invariant part of 
Ext^(7x, Tx) has dimension 4, and together they span all of Ext^(7x, Tx)- Due to symmetry, 
we will focus on u = [1,0]. 
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With notation as in Section El W = x K* and Z = [W/T] = = Proj [?/o, Z/i]- The set 
consists of two elements, pi = 1 and p2 = The tangent bundle Tx corresponds to 
the (Z, S^)-filtration (£, {£<'{i)}), where £ = 0® 0{2) and 

{0®0{2) z<0 
^"(z) = \o 1 = 1. 

[0 i>l 

Let 5* = Spec /^[to, ti, ^2, ^3, (1 — ^o)^^]- Consider the rank two vector bundle £ on Z x S 
with generators ei, 62 on ?/i 7^ and /i, /2 on yo 7^ and transition functions given by 

ei = /i + tol/"V2 62 = toy'^fi + y~'^f2, 

where y = yo/yi- This bundle is a versal family for £: for to = it restricts to £, and for 
to 7^ it restricts to © 

We now define two filtrations of £: £^{i) = if z > 1, £^{i) = £ if i < 0, and 

^''^1) = O^i^s ■ (ei + ties + t2ye2 + hf^) £"'{1) = O^i^s ■ ei- 

These filtrations are compatible for X x 5*, so we get a bundle V on this space which restricts 
to Tx when tj = for all i. These four deformation directions span the T-invariant part of 

Ext\rx,rx). 

The bundle Tx is not simple (in fact it is split): Ext°(7x,7x) has dimension two and is 
concentrated in degree zero. However, any deformation of Tx as above will be simple, so the 
number of moduli of the deformed bundle will drop to five. 

Example 9.6 (Blowup of in one point). Similar to Example 19. 5[ due to symmetry we 
only need to consider the subtori T = keru for the characters u = [1,0] and u = [1,-1]. 
For u = [1, —1], is a nontrivial i^*-principal bundle over Z = P^ = Proj[?/o, l/i] and 
consists of two elements, pi = 1 and p2 = —1. Let S = Spec i^[ti, ^2, i^s]- Consider the rank 
two vector bundle £ on Z x S with generators 61,62 on ?/i 7^ and /i,/2 on j/o 7^ and 
transition functions 

ei = y'^fi 62 = ?/"V2- 

This is just 0{1) © 0{1) extended horizontally along S. Now consider the following two 
filtrations of £: £P{i) = if z > 1, £P{i) = ^ if i < 0, and 

£^^1) = C'pixs ■ {yei - 62 + ti6i + t262 + hye2) £"'{1) = Cpix5 • {yei - 62). 

These filtrations are compatible for X x S", so we get a bundle V on this space which restricts 
to Tx when tj = for all i. These three deformation directions span the T-invariant part of 

Exti(rx,rx). 

For u = [1,0], we are in the situation of Example 18.101 and we get that Z consists of 
two copies Ui and U2 of P^ glued together everywhere except at the origin, and the set 
consists of a single element p. The bundle Tx corresponds to a {Z, S^)-filtration {£, {£P{i)}). 
Here, £ is the bundle generated by e\, on Ui fl [yi 7^ 0] and /i, /2 on yo ^ with transition 
functions given by 

ei = = fl 62 = y~^f2 

el = -y'^fi + y'^f2 
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The filtration S''{i) is given by 

{S i<0 
Oz-h ^ = 1- 
i > 1 

Now let S — Speci^[s,t, [s — Consider the rank two vector bundle E ovi Z x S with 

generators e\, el on C/j fl [z\ ^ 0] and /i, /2 on yo 7^ and transition functions 

e\ = h ^ = /i 

Define a filtration 

This filtration is compatible for X x S, so we get a bundle V on this space which restricts 
to Tx when s — t — 0. These two deformation directions span the T-invariant part of 
Ext^(7x, Tx)- The s-parameter gives a deformation of Tx in degree [0, 0] and the i-parameter 
gives a deformation of Tx in degree [1, 0]. 
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